We formulate quenched chiral perturbation theory for heavy-light mesons coupled to pions, and calculate the one-loop chiral logarithmic corrections to f B , f Bs , B B and B Bs . We also calculate these corrections for "partially quenched" theories. In both theories, the chiral logarithms diverge in the chiral limit, indicating that (partially) quenched theories should not be used to study this limit. Comparing the chiral logarithms to those in QCD, we estimate the errors caused by (partial) quenching. By forming suitable ratios, we can reduce the uncertainties in our estimates.
I. INTRODUCTION
Numerical simulations of lattice QCD are providing increasingly accurate values for hadronic matrix elements. Among the most interesting is the quantity f 2 B B B , knowledge of which allows extraction of the CKM matrix element V td from experimental results for B 0 −B 0 mixing. Unfortunately, present large scale simulations use the "quenched" approximation, in which internal quark loops are dropped, or the "partially quenched" approximation, in which the quarks in the internal loops have a different mass from the valence quarks. Unlike other sources of error, such as discretization, it is difficult to systematically reduce the errors due to quenching, Thus it is important to estimate these errors, and in this paper we do so for the decay constants and B-parameters of heavy-light mesons.
We estimate quenching errors by comparing the size of the chiral logarithmic contributions to the quantities of interest in QCD and quenched QCD (QQCD). Similarly, errors due to partial quenching are estimated by comparing chiral logarithms in QCD and in partially quenched QCD (PQQCD). Chiral logarithms arise from the long-distance part of the clouds of pseudo-Goldstone bosons (PGB's) surrounding all hadrons. These clouds are radically different in the two theories, there being, for example, a long-distance η ′ cloud around quenched hadrons, while there is no such cloud around hadrons in QCD. [1] [2] [3] Thus, in general, there are significant differences in the chiral logarithms. In particular, we find that f B and B B calculated in QQCD should diverge in the limit that the light quark mass vanishes, whereas in QCD they should approach a finite limit. Such divergences are also predicted for light meson quantities, e.g. f π , and m 2 π /m q [2, 3] , and, indeed, have been observed [4] . Our estimates of quenching errors in individual quantities, such as f B , are necessarily crude, because chiral perturbation theory tells us nothing about analytic contributions. We can do much better, however, by considering ratios of quantities designed so that all unknown contributions vanish. The only corrections to these ratios come from O(m 2 q ) terms in chiral perturbation theory.
Our calculation is done by combining two technologies: the chiral Lagrangian for heavylight mesons [5] (which incorporates the heavy quark symmetry), and chiral perturbation theory for the quenched and partially quenched approximations [2, 6] . 1 Our results are thus valid up to corrections of O(1/M B ), which we expect to be small.
The outline of this paper is as follows. In the following section, we explain how to extend quenched chiral perturbation theory to include heavy-light mesons. In section III we outline the calculation and give our results. We discuss our estimates of the quenching errors in sec. IV, and offer some conclusions in the final section.
After our calculations were completed, a closely related paper by Booth appeared [9] . He calculates the chiral logarithmic corrections to f B and B B in QQCD, as well as the corrections to B masses and the Isgur-Wise function. Our results for QQCD agree with his, except that we have included two coupling constants that he overlooked. This difference is not crucial, however, as these couplings are expected to be small-indeed, in our numerical results we assume that they vanish. We keep the discussion of technical details to a minimum, and stress results that are new. In particular, we have (1) devised ratios in which unknown corrections of O(m q ) cancel, allowing a more reliable estimate of quenching errors (this requires us to extend the calculations in QCD to the case of non-degenerate quarks); (2) considered wider ranges of the poorly known parameters in the chiral Lagrangian; and (3) extended the estimates to partially quenched QCD.
In a second work, Booth has extended his calculations to include 1/M B corrections [10] . This introduces a number of additional unknown constants, making estimates of quenching errors more difficult. It appears likely, however, that the 1/M B corrections will not be large enough to nullify the conclusions drawn from the infinite mass limit assumed here. A detailed discussion of these corrections in QCD has been given by Boyd and Grinstein [11] .
II. FORMULATION OF QUENCHED CHIRAL LAGRANGIAN INCLUDING HEAVY-LIGHT MESONS
We begin with a brief review of the quenched chiral Lagrangian introduced in Ref. [2] . Following Morel [12] , a functional integral formulation of QQCD is obtained by adding, for each light quark q a (a = u, d, s), a ghost (bosonic) quark q a with the same mass. The fermion determinant of the quark sector is then canceled by that of the ghost sector. In the limit of vanishing quark masses, and ignoring the anomaly for the moment, the QQCD Lagrangian is invariant under the graded group U(3|3) L × U(3|3) R , which mixes quarks and ghost-quarks. Numerical evidence strongly suggests that this symmetry is broken dynamically down to its vector subgroup, just as in QCD. This gives rise to 36 Goldstone mesons, 9 each with compositions φ ab ∼ q a q b , φ ab ∼ q a q b , χ † ab ∼ q a q b and χ ab ∼ q a q b . The first 18 are bosonic, the others fermionic.
The next step is to construct an effective Lagrangian describing the low energy (p ≪ Λ χ ∼ 1 GeV) interactions of these particles. We first collect the Goldstone fields into an hermitian 6 × 6 matrix,
which transforms linearly under the vector U(3|3), but non-linearly under the full chiral group. Its exponential, however, transforms linearly
where
where the mass term is 4) and the supertrace str appears because of the graded structure of the symmetry group [13] . f and λ 0 are undetermined bare constants. In our numerical estimates, we set the scale in QQCD (and PQQCD) by taking
(This is slightly less than f π = 132 MeV because of the extrapolation to the chiral limit.) Having made this choice, we use the common symbol f for all three quantities. In the same spirit, since λ 0 does not appear in the final expressions, we do not distinguish between its versions in the three theories.
The next step is to account for the anomaly. The chiral symmetry of the quantum theory is, in fact, [SU(3|3) L × SU(3|3) R ]>⊳U(1). In particular the field
(η ′ is the normal SU(3) singlet meson, η ′ its counterpart in the ghost sector) is invariant under this smaller group, but not under the full U(3|3) L × U(3|3) R . Thus we can multiply each term in the O(p 2 ) quenched chiral Lagrangian by an arbitrary function of Φ 0 . The full structure is discussed in Ref. [2] ; in our one-loop calculations we need only the terms quadratic in Φ 0 :
We are using the notation and conventions of Ref. [2] (in particular f π = 132 MeV), except that we use m 0 instead of µ, following Ref. [14] . It would appear that α and m 0 can be absorbed into the quadratic part of L inv , renormalizing the fields and masses of the η ′ and η ′ particles. In fact, as explained in Refs. [2, 3] , α and m 0 should be treated as interactions. Diagrams with multiple insertions of either coupling on an η ′ or η ′ line cancel (because they correspond in the underlying theory to diagrams containing quark loops). Thus the m 0 term does not lead to a mass for the η ′ or η ′ . They remain light, and must be included in the effective Lagrangian. This is in contrast to QCD, in which the η ′ gets a mass of O(m 0 ) and can be integrated out. In our calculation (as in all work in quenched chiral perturbation theory to date) we assume that α and m 2 0 are small, so that we can work to one-loop order.
Diagonalizing the mass term in L inv , one finds that the flavor diagonal mesons have compositions uu, dd and ss, with masses
respectively. The flavor non-diagonal particles have the same masses as in QCD, e.g. m
The states containing ghosts have the same flavor compositions and masses as those without.
This ends our review of the construction of Bernard and Golterman. We now extend the effective quenched Lagrangian to include the ground state mesons containing a heavy and a light quark. As in the discussion above, the result is a simple extension of that in QCD, which was worked out in Refs. [5] . The only differences are the presence of fields including ghost-quarks, and extra interactions involving Φ 0 .
In the heavy quark symmetry limit the pseudoscalar and vector heavy-light mesons are degenerate. They are destroyed, respectively, by the fields P (Q) a and P * (Q) aµ . These fields have an implicit label v denoting the four-velocity of the corresponding particles. In terms of the underlying quarks the flavor composition is P To display the heavy quark symmetry we form the spinor field
which transforms as
where S is an element of the heavy quark spin SU(2) v group [15] . We do not elaborate on this symmetry here, since the part of our construction which uses this symmetry is identical to that for QCD. To display the transformation properties under SU(3|3) L × SU(3|3) R we follow the standard procedure of introducing U ∈ SU(3|3), defined such that
where now L ∈ SU(3|3) L and R ∈ SU(3|3) R . Then H transforms as
The conjugate field is defined by
This field creates heavy-light mesons of velocity v, and has nothing to do with the antiparticles of these mesons. Now we can write down the part of the effective Lagrangian containing 13) where the ellipsis denotes terms of higher order in momentum, quark masses, and 1/m Q . str a indicates that the supertrace is to be taken over the repeated index a. Summation over other repeated indices is assumed. Finally, the trace T r is taken over the Dirac indices. L Q is invariant under the chiral group, the heavy quark spin symmetry, and, of course, Lorentz transformations. In principle, each term in L Q can be multiplied by a real and even but otherwise arbitrary function of Φ 0 . 2 We do not display these functions as they contribute only at two-loop order. Aside from these (implicit) functions, the only difference between the quenched Lagrangian L Q and that in QCD is the appearance of the g′ term. Since
, this term gives rise to a coupling of the η ′ and η ′ to the heavylight mesons. Though such a coupling exists in QCD, it is not needed in the QCD chiral Lagrangian because the η ′ is integrated out. To discuss B-parameters, we also need the Lagrangian describing the interactions of PGB's with the antiparticles of the heavy-light mesons, i.e. those with composition q a Q. We follow Ref. [16] and introduce a field which destroys such mesons
This transforms under heavy quark spin symmetry and
The conjugate field H (Q) is defined as for H (Q) . The invariant Lagrangian is
We are interested in decay constants and B-parameters. These are defined, respectively, by 18) with similar equations for mesons of other flavors. We thus need to know how the lefthanded currents, L µ a = q a γ µ (1−γ 5 )Q, and the four-fermion operators composed of two such currents, can be written in terms of the fields in the quenched chiral Lagrangian. The result is that the matrix elements of the current involving the Q field are given by
where the ellipsis denotes non-leading operators in the chiral and heavy quark expansions. The "potential" V L can contain both odd and even powers of Φ 0 , with arbitrary coefficientsand we find that the linear term does contribute at one-loop order. We normalize the potential so that V L (0) = 1.
3 Then, taking into account the factor of √ m Qq absorbed into 3 We note in passing that similar potentials occur in the chiral representation of currents composed of light quarks. They do not, however, give rise to one loop corrections to f π and f K . This is because CP, together with quark-interchange symmetries, require that the potentials be even functions of Φ 0 .
the fields P (Q) , we have κ = f Qq √ m Qq at leading order. All this is just as in QCD [5] , except that the index a now runs from 1 − 6. Similarly, following Ref. [16] , the mixing matrix elements of the ∆Q = 2 operator O aa = Qγ µ (1 − γ 5 )q a Qγ µ (1 − γ 5 )q a (no sum on a) can be represented in the effective theory by the operator
Again, the arbitrary potential is normalized so that V O (0) = 1, and can contain terms linear in Φ 0 which will contribute at one-loop order. This representation is not unique, but, as explained in Ref. [16] , other choices are equivalent since they all lead, after evaluating the Dirac traces, to the form
A. Partially quenched theories
Partially quenched theories are a first step towards removing the quenched approximation. In these theories, not all the quarks are quenched, so that there are more quarks than ghost quarks. The particular example we focus on is that used in recent simulations (e.g. see Ref. [17] ): the lattices are generated with N f quarks of mass m f , while valence quarks of mass m q are used to calculate f Bq and B Bq . Although N f = 2 in present simulations, we keep N f as a free parameter, so as to make our results more general. In the limit that m q = m f the theory is unquenched and QCD-like, having N f flavors of degenerate quarks. Thus we refer to it as partially quenched QCD.
It is straightforward to generalize the development of the previous subsection to PQQCD. Most of the work has been done by Bernard and Golterman, who developed chiral perturbation theory for partially quenched theories [6] . There are only two alterations.
• The index a labeling quarks and ghost-quarks now takes on N f + 2 values: a = (q, f 1 , . . . , f N f , q). (We could introduce quenched u, d and s quarks, as in our discussion of QQCD, but this does not affect the results for the quantities of interest.) The initial symmetry is thus
The form of the heavy-light meson Lagrangian is unchanged.
• The α and m 2 0 vertices can be iterated in the SU(N f ) sector, so that the mass of the η ′ in this sector is shifted from the quark mass contribution, m
Themeson mixes with this η ′ through the m 2 0 and α vertices, leading to a propagator with a complicated pole structure, given explicitly in Ref. [6] . To simplify the resulting expressions, we assume that both m f and m q are small, and that N f is large enough that the SU(N f ) η ′ is heavy. We then have a hierarchy of scales 
III. CALCULATION OF CHIRAL LOGARITHMS
We first calculate the one-loop chiral logarithms contributing to f Qs . Strictly speaking, we calculate the logarithms for the quantity κ s √ m Qs = f Qs m Qs . At leading order in 1/m Q , however, these results apply also for the decay constants, because chiral logarithms in m Qs are suppressed by 1/m Q . The graphs which contribute are shown in Fig. (1) . The calculations are standard-the details are as in QCD [16] . In particular, the heavy-quark symmetry allows us to choose the external meson to be either the P or P * . We choose the former, which allows us to extract the result by contracting the external current with v µ . The three-point vertices in L Q connect a P only to a P * , so that the heavy-light meson in the loops is always the P * . This means that graphs (a) and (b) vanish identically (as in QCD), because the factor of v µ from the current annihilates the P * propagator. The absence of quark loops in QQCD manifests itself as cancelations between intermediate states containing ghosts and those without. Thus, while graph (c) can give rise to contributions proportional to g 2 , g′ 2 , and gg′, only the latter is non-vanishing. Similarly, the only non-canceling contribution from (d) is that proportional to g 2 , and the contributions from (e) cancel entirely. The net effect is that only loops involving the ss PGB contributejust as expected since the s quark is the only light quark available. Expressing the decay constant as
we find the chiral logarithm to be
Here m 2 ss is defined in Eq. (2.7), and Λ is the ultraviolet cut-off on the logarithmic divergences. The Λ dependence in ∆f is canceled by that of the analytic terms proportional to c Q 1,2 in Eq. 3.1. These constants result from higher order terms in the expression for the current L µ and in the heavy-light meson Lagrangian. Their structure is discussed by Booth [9] .
The quenched result for f Qq (q = u, d) is obtained from Eq. 3.2 simply by substituting mfor m ss . Present lattice simulations, however, do not directly work with physical u and d quarks, but instead extrapolate from heavier quark masses. We mimic this procedure analytically in the next section.
The entire result in Eq. 3.2 is a quenched artifact, being proportional to one of α, m 2 0 , g′ or V ′ L (0). The quenched logarithms are thus very different from those in QCD. In particular, the term proportional to m 2 0 diverges in the chiral limit, whereas the chiral logarithms in QCD, to which we now turn, vanish in this limit.
The chiral logarithms have been calculated in QCD in the limit m u = m d = 0 in Ref. [16] . We need, however, the result for the general case of three non-degenerate quarks. We use a similar expansion to that for QQCD
where q = u, d or s. Note that the analytic terms have a somewhat different form to those in QQCD. The chiral logarithm comes from Figs. 1 (c) and (e), and is
The sum runs over the PGB's (eight in QCD) in the mass eigenbasis, with T a being the corresponding group generator, normalized such that tr[
δ ab . This formula hides the fact that, for m u = m d , the π 0 and η mix, so that one must diagonalize the mixing matrix to determine the appropriate T a 's to use. The result for PQQCD is obtained from the same graphs as that in QQCD, except that the crosses in Fig. 1(b) and (d) now include a projection against the SU(N f ) η ′ . The expansion for the decay constant is 5) with the chiral logarithm being
Here m qf is the mass of the meson composed of a valence quark (mass m q ) and a dynamical antiquark (mass m f ), and to the order we work is given by m
A check of Eq. 3.6 is that, in the limit m q = m f , it equals that for QCD with N f degenerate flavors (easily obtained from Eq. 3.4). We stress again that terms proportional to α, m 2 0 and g′ are absent.
We now turn to results for B-parameters, the relevant graphs for which are shown in Fig. 2 . We define ∆B in the same way as ∆f (Eqs. 3.1, 3.3 and 3.5)-one can show that the analytic terms have the same form as for decay constants for all three theories. The values of the constants c Q for B-parameters are, of course, not related to those for decay constants. Our results for the chiral logarithms are
Only flavor-neutral PGB's contribute in all three theories. This is explicit for QQCD and PQQCD, while for QCD it follows because the expression picks out generators whose qq-th element is non-vanishing. As required, the PQQCD result reduces to that for QCD with N f degenerate quarks when m f = m q . The quenched result for ∆B is similar to that for ∆f (Eq. 3.2), except that the first term is not a quenched artifact. It is of the form m 2log m, but is not proportional to α. Indeed, this term is exactly the contribution that would be obtained from the QCD formula, Eq. 3.8, if one were to use the quenched spectrum of flavor-neutral mesons, i.e. states with composition uu, dd, and ss. In other words, the quenched result consists of that from QCD, modified because the spectrum of PGB's is different, together with contributions which are quenched artifacts and involve the η ′ . This is the same situation as for B K , and can be understood by an analogous argument using quark-line diagrams [3] .
IV. ANALYSIS AND DISCUSSION

To use our results we need to know the numerical values of the dimensionless parameters
. These are parameters of the (partially) quenched theory, and can, in principle, be determined by simulations. At present, however, these parameters are not well known, so we allow them to vary in "reasonable" ranges, determined as explained in the following. To compare to QCD we also need to know g.
There is now evidence for a non-zero value of m 0 /f [18, 4, 8] . The result is conventionally expressed in terms of δ = 2m 2 0 /(3(4πf )
2 ). A reasonable range for δ appears to be 0.05−0.15. The evidence for α is less clear. Like m 2 0 , it is proportional to 1/N c , and thus, hopefully, small. The simplest choice is to assume α = 0 [2, 3] . A better estimate, however, can be obtained from the data of Ref. [18] on the η ′ two-point function.Fitting the data to the form expected from L light (Eq. 2.6),one finds α ≃ 0.7 and m 0 ≃ 720MeV (δ = 0.13). This result may have large discretization errors since it is obtained at a relatively large lattice spacing (β = 5.7). Nevertheless, it suggests a positive value for α. We assume that α lies in the range 0 − 0.7.
There are no lattice results concerning g Q or g P Q , so we assume that the value is similar to g. Experimental results for Γ(D * → Dπ) imply 0.1 < g 2 < 0.5 (see the discussion in Ref. [9] ). We use this as our reasonable range, and take g • The correction diverges as m ss → 0. This reflects the unphysical cloud of light η ′ particles surrounding the quenched heavy-light mesons. Observing this divergence in numerical results would give further confirmation of the validity of quenched chiral perturbation theory. In practice, this may be difficult, since the divergence does not set in until m ss falls below ∼ 100 MeV.
• For masses heavy enough to be away from the divergence, the correction can be substantial. This is the region in which most present simulations are carried out: "light" quarks range in mass from roughly m 2 . For these masses, and for couplings in our reasonable ranges, we find that the magnitude of the correction can be as large as 30%. If |g′/g| ≪ 1, however, the correction is smaller, not exceeding 15%.
• The departures from linearity in the range 0.17(GeV) 2 ≤ m 2 ss ≤ 0.5(GeV) 2 are fairly small, particularly for g′ ≥ 0. In the following, we mimic numerical simulations, and • ∆f Qs decreases with increasing m ss . Using the definition of f B just given, the chiral logarithm alone thus implies f Bs /f B < 1 in QQCD. This is in contrast to QCD, where, for g = 0.63 and Λ = 1 GeV, (∆f Bs ) QCD = 0.38 > (∆f B ) QCD = 0.21. We return to this point below.
In Fig. 4 we show the size of the chiral logarithms in partially quenched QCD. We have chosen two values for the dynamical pion mass which are in the range used in present simulations, m An example of the results for (∆B Qs ) QQCD , is shown in Fig. 5 . There is very little dependence on α, so we show results only for α = 0.7. Similar comments apply as for ∆f Qs , except that
• The sign of the term proportional to g′ has changed;
• The divergence at small m 2 ss is weaker. This is because it is proportional to 1 − 3g 
A. Quantitative estimates of quenching errors
These results suggest that quenched artifacts give important contributions to f B and B B . They do not, however, allow a quantitative estimate of quenching errors. For this we need to know something about the non-logarithmic contributions. For example, to estimate f
we clearly need to know both κ QQCD /κ QCD , and the difference between the analytic O(m q ) and O(m 2 0 ) corrections. These can compensate for differences in the chiral logarithms.
The cleanest way of proceeding is to consider ratios which cancel as many of the unknowns as possible [19] . Single ratios such as f Bs /f B (with f QQCD B defined by extrapolation as explained above) do not depend on κ QQCD /κ QCD , but do depend on the difference of O(m q ) terms in QCD and QQCD. To remove this dependence, we must form a double ratio, which requires the use of three non-degenerate valence quarks. Calling these u, d and s, and assuming m u < m d < m s , we construct
and the similar ratio Q B involving the B-parameters. To the order that we work in chiral perturbation theory, the quark masses appearing in Q f can be replaced by the corresponding squared meson-masses, e.g.
In particular Q f is independent of the cut-off Λ. Note also that Q f has a well defined limit as m d → m s or m d → m u . An interesting special case is if the masses are in the ratio m u : m d : m s = 1 : 2 : 3, for which
2 . Q f and Q B are thus quantities which we can calculate with some reliability in all three theories which we consider. The differences give a direct measure of the (partial) quenching error. The results for QQCD follow from Eqs. 3.2 and 3.7
3)
where R 1,2 are functions of only the quark mass ratios
For QCD, after some algebra, we find
The vanishing of Q QCD B seems to be accidental-we expect the contributions of O(m 2 q ) to be non-vanishing. Finally, for PQQCD, we have
where the additional ratio is
To make numerical comparisons we choose two sets of quark masses: m u : m d : m s = 1 : 2 : 3, ratios that are close to those available from a typical simulation; and m u : m d : m s = 1 : 2 : 10, ratios now attainable in QQCD for m s ≈ m phys s [4] , and which approach those of the real world. The results are shown in Table I . Typical simulations have x ≈ 1, and we expect y to lie in the range 1/3 − 1. For the smaller mass ratios, we see that there is a difference between Q f in QCD and QQCD, but the quenching error is likely not larger than a few percent. This is probably comparable to the statistical errors in the best present simulations. The corresponding error for Q B is much smaller, and unlikely to be measurable. Other values of the couplings lead to similar conclusions. For the larger mass ratios, there is a substantial quenching error, possibly as large as 20% in Q f . This is a reflection of the divergence at small m ss in QQCD. The quenching error in Q B is now larger. but, as shown by the last column, is quite sensitive to g Q .
We view these estimates as lower bounds on the quenching errors in decay constants and B-parameters themselves, since the latter errors might largely cancel in the ratios defining Q f,B . The estimates imply that one should not simulate QQCD with quark masses that are too small. They also suggest that quenching errors in B-parameters are smaller than those in decay constants.
Similar conclusions hold also for "partial quenching" errors. The results for Q , since, for N f = 2, it is independent of m ss for fixed quark-mass ratios. Our results are given in Table II . They are much closer to the QQCD results than those from QCD. For these quantities, partial quenching appears to be of little help. The only caveat is that, as described in Sec. II A, we have neglected terms suppressed by (3/N f )(m 
B. Qualitative estimates of quenching errors
We turn now to the quenching errors in the individual quantities f B , f Bs , B B and B Bs . The notation we use is exemplified by
In the previous subsection, we used QCD to refer to all theories with three light quarks, irrespective of their masses. In this subsection, however, QCD means the theory with physical quark masses. To make this distinction clear, we use f Bs instead of f Qs (and B Bs in place of B Qs ), although the two quantities are the same. We define the (partially) quenched f B and B B by linear extrapolation in the light quark mass, as explained above. We estimate quenching errors by assuming that the dominant difference between quantities in QQCD and QCD comes from the chiral logarithms. In other words, we assume, for some reasonable choice of Λ, that 14) and similarly for the other quantities. This assumption is likely to be wrong for individual quantities, because differences in chiral logarithms can be compensated by differences in analytic contributions. (By analytic contributions we mean not only the O(m q ) terms proportional to c 1,2 , but also the lowest order terms, e.g. κ QQCD .) One might expect there to be some compensation because the two theories are matched by equating, say, f π , and so the difference in chiral logarithms for this quantity are, perforce, compensated. But it seems unlikely to us that this compensation will occur uniformly; for one thing, the chiral logarithms due to η ′ loops are absent for some quantities (e.g. f π ), while present for others. Thus we view our estimate of the quenching error as a rough upper bound (because there may be some compensation), which is likely to work better on the average over several quantities.
We have examined the resulting estimates for our reasonable ranges of parameters, and for the choices Λ = m ρ and Λ = 1 GeV. To illustrate their size we give in Table III the numerical expressions for the chiral logarithms in terms of α, δ and g′, fixing g = g Q = 0.63. In Figs. 6 and 7 we plot the quenching error versus g′ for two sets of parameters chosen to indicate the range of variation in the estimates.
We draw the following conclusions. Our estimate of the quenching error is the difference of these two expressions. We assume V • There are no values of the parameters for which the quenching errors are small simultaneously for all four quantities, where small means |∆(∆X)| < 0.1. Typically, two or more of the estimates are larger than 0.2 in magnitude, some being as large as 0.4. Viewing our estimates as upper bounds, we conclude that it is possible that there are substantial quenching errors in one or more of the quantities.
• It is interesting to consider the ratios f Bs /f B and B Bs /B B . We expect our estimate of the quenching errors to be more reliable here, since there is no dependence on the leading chiral parameters, e.g. κ QQCD /κ QCD . One might also hope that quenching errors are smaller. Indeed, there are cancellations in the chiral logarithms, as one can see from Table III . (The exact cancelation of the coefficients of α and g′ for these ratios when Λ = 1 GeV is not a general feature-it is a chance result, valid only for the particular masses we use to extrapolate to the B-meson.) Nevertheless, as is clear from Figs. 6 and 7, the error in f Bs /f B (given by the difference of the curves for these two quantities) can still be substantial.
• There is a considerable dependence of the estimates on the unknown coupling g′. If we trust the large N c expansion, and assume |g′/g Q | < 0.3, then we can draw further conclusions. In particular:
-For small g′, the estimated errors in B B and B Bs are small, less than roughly 0.1 in magnitude. This is true for all values of g 2 Q in our reasonable range. The error in the ratio B Bs /B B is smaller still, though of either sign.
-The error in the ratio f Bs /f B is negative, and lies in range −0.3 to −0.1. As discussed above, this is because the quenched chiral logarithm decreases with m ss , due to the term proportional to δ. Taken literally, this would imply that the ratio in QCD is 10-30% larger than in QQCD. More conservatively, it suggests that the deviation of the ratio from unity, which in present QQCD simulations is (f Bs /f B − 1) ∼ 0.1 − 0.2, has a quenching error of 100% or more.
We show in Table IV our estimates of errors due to partial quenching. The results are for g 2 = g 2 P Q = 0.4, but it is simple to scale to other values of g because the overall factors are the same for QCD and PQQCD. The results are fairly similar to those in Fig. 7 for g′ ≈ 0. Most notably, the partial quenching error in f Bs /f B is negative and significant, just as for QQCD. The errors in B-parameters are very small.
V. CONCLUSIONS
We have presented estimates for errors in lattice results for decay constants and Bparameters of heavy-light mesons due to quenching and partial quenching. Our estimates are reliable for the ratios Q f,B , aside from higher order chiral corrections, or, in the case of PQQCD, corrections suppressed by m 2 f f /m 2 0 . Our estimates for the individual quantities, however, should be treated as approximate upper bounds. They suggest that, in order to extract f B and B B , it is better to extrapolate from moderate quark masses than to attempt to work directly with very light valence quarks. As for the quenching errors themselves, those for B-parameters are likely to be smaller than those in decay constants, with the latter possibly as small as a few percent, but more likely larger. Our most striking finding is that quenching reduces the ratio f Bs /f B , throwing doubt on the common assumption that this ratio is a fairly reliable prediction of QQCD.
Finally, we have found similar results for partially quenched QCD as for the fully quenched theory. This extends the observation of Booth [9, 10] , who found that there were significant differences between results for the unquenched theory with two flavors and QCD. 
